ABSTRACT. We deal with some examples of semi-classical forms defined by Hadamard finite parts. We construct corresponding orthogonal sequences and their respective structure relations. Inverse and associated forms also are considered. Representation of these forms are given. In general, they are Laguerre-Hahn forms.
Introduction
In a recent paper [16] , the second author has studied the generalized weights Pf^p-defined by 
-oo
The form v is regular if a sequence {5 n } n >o exists such that [4] (v, S n Sm) = k n 6 n ,m, n, m > 0, k n ^ 0, n > 0, So(x) = l, Sifr) = a:-Co, (1.2)
S n+ 2(x) = (x-£ n +i)S n +i(x) -p n +iS n (x)
, n > 0 .
In algebraic terms, the problem under consideration is the following: determine regular solutions u of the equation As usual, Sn \x) = (v, n xZc" )> n > 0. In this case, the orthogonal sequence {Z n } n >o relative to u is given by
where by [16, Lemma 1.1] Also, the sequence {Z n } n >o satisfies the recurrence relation Zo(aO = l, Zi(x) = a;-A), Zn+2(^) = (a: -/3n+i)Zn+i(a:) -7 n +iZ n (z) , n > 0, (1.14) Our aim is to give examples of semi-classical forms (1.8) or (1.9) through data of semi-classical forms v.
The structure relation
In the sequel, the form v will be supposed symmetric, semi-classical of class s, and satisfying 
Moreover, we have $'(0) + ^(0) = 2^(0) ^ 0. Below, the class will be determined in any particular case. In order to obtain the structure relation of {Z n } n >o, let be the one of {S n } n >o [9, 13] 
By (1.2), note that Cn = 0; by symmetry and n -► n -1, we have
From (1.11), using the fact that 6 n+ i = 0 $(x)Z; +2 (x) -$(x)5; +2 (x) + a n $(x)S;(^) , n > 0 .
With (2.6), (2.7), and (1.2), we obtain
But, from (1.11) and (1.2), we have
or equivalently, with (1.14), a n x 2 S n +i(x) = a n^Zn+ 2(^) + 7n+2(Pn+i -a n )Z n+1 (a;)
So if we multiply (2.8) by a n x 2 a n x
Taking into account the well-known recurrence relations
we obtain
Moreover, since by (1.16), (a n +i -p n+ 2)(pn+i -a>n) = 0, n > 0, the relation (2.9) becomes
Finally, when the class is s + 2, we obtain
When the class is s + 1, we have
(2.12) n>0.
Examples
Example 1. We take v = U where U is a Tchebychev form of the second kind
* J-i
Thus we have
Cn(rc) = (2n + l)x, 5 n (a;) = 2(n + 1), n > 0 .
Therefore, from (1.16), (1.17), and (2.4)
From (2.12), we have
n > 0. We deduce the fact that Z n +i(x) has simple zeros. Indeed, on account of (3.3) and (3.4), the equations Z n+ i(x) = 0, Z^+^x) = 0 imply x = 0; furthermore, we have from (3.4)
In fact, the form u is equal to the inverse of the Tchebychev form of the first kind (also see [8] ): u = T _1 where /(*)
The inverse -u -1 of u is defined by u~lu -uu" 1 = 6 with (6,/) = /(0) and the product uv of two forms is given by [11] Z-x 
T-i=-ip,m^nz (M)
where F is the characteristic function of R + . Let us consider the quadratic decomposition of {5 n } n >o and {Z n } n >o [4, 12] 
The sequences {Pn}n>o and {Rn}n>o respectively are orthogonal with respect to au and xau where au is the even part oiu defined by
Therefore, R n = P n , n > 0. On the other hand
We conclude that Z 2n+ i has (simple) zeros in ]-1, +![. From (3.8) and (3.9), we have
With the definition we obtain But Therefore,
Thus {i^n}n>o and {Pn}n>o are orthogonal with respect to the forms (3.9) and (3.10), respectively.
Example 2. We take v = T or V{x) = £ ^ J. Here, we have Pf f^^dx = 0, consequently, the form u is given by (1.9) where A is arbitrary. Then
Thus, we have
C n (aj) = (2n -l)x, 5 n (a;) = 2n, n > 0 .
Therefore, from (1.16), (1.17), and (2.3) With the recurrences relations (2.10) for C n , D n , the relations (3.13) and (3.14) give
The decomposition (3.7) shows that R n = P n , n > 0 since xcru = -XaT. Consequently, the polynomial Z2n+i does not depend on A. Moreover 
where in Example 1,
and in Example 2,
Therefore, S(u)(z) satisfies

B(z)S 2 {u)(z) + C{z)S{u){z) + D{z) = 0 with
B(z) = z 4 B(z) C(z) = z 2 {2zB(z) -\C(z)} (3.19)
D(z) = z 2 B(z) -XzC(z) + X 2 D(z) .
Moreover, the form u also satisfies [15, Proposition 2.3] 
Then, from (1.16), (1.17), and (2.4)
In fact, the form given by (1.8) is the generalized Hermite form corresponding to the parameter value // = -1 [4] . We have Prom the decomposition (3.7), we have R n = P n , n > 0, where the sequence {Pn}n>o is a Laguerre sequence with parameter value of -1/2, since ^-fHS' ^l^T^a, n>0,
The announced properties follow since ^271+3(0) ^ 0, n > 0, from (3.5), (3.15), and (3.23).
Remark. It is a striking property that the product of two positive definite forms is still positive definite. In general, this is not true. For example, the Tchebychev form T satisfies the equation (x 2 -1)T 2 = 0. Consequently, T 2 = |(<5-i + 61). Positivity is kept, but no regularity.
As an application of (3.26), we have M (2) = «11 5+ a t ;(i). But p\v^ = -x 2 v~1i hence (3.28) holds. For a general problem analogous to (3.28) and detailed properties, see [5, 10] .
Representation of li -1 , u^, u^ in Examples 1 and 2
In the case of Example 1, we easily obtain u^ = 2x 2 T by (3.26); therefore,
From (3.28) <u (2) ,/> = fto/) + ^ f^ y/T^fWdz 
)^) = H(z). In this case, SH(z) > 0 when Sz > 0 (z = x + iy).
Moreover, since
we have
where fi is a non-decreasing function [7] . We see that fj, is continuous except at t 2 = % since (* -z)H(z) -. 0,. z -> t, 0 < e < arg(z -*) < TT -e, * e R, tV ^,
In fact, the function fi is absolutely continuous with respect to Lebesgue measure for t 2 
The property follows from the well-known formula
On account of
we finally obtain Consequently, 
C-[-\i,+\i].
When A = -^, n > 1, the forms u 1 and u^ are no longer regular, but keep their respective representations. As to (4.3), it is valid for A ^ -|. It remains to treat the case A = zC, 0 < |C| < | where 0 < t^, r| < 1. It will be sufficient to suppose 0 < £ < |. Equation (3.20) becomes
Equivalently,
The following identity will be very useful: for any polynomial / and any form w, we have [15, (1.12)] where P means Cauchy's principal value of the integral. But, it is easy to see that From 7i /^^1^ = -:r 2, M~1 and (4.8), we infer that m .,1.
(SK- We infer for (5. 
3)
We deduce that
The forms u' 1 and u (1) are really Laguerre-Hahn forms [6] . Indeed, from S(v)(z) = -2z -g (M _ 2 i ) (2) As above, we easily obtain the following representation for v^ [19] , see also [2] ( v m f) = _L_ / , f(x)dx . 
